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SUMMARY
An investigationoftheproblemofthebuclddngof-01 simply
supportedt&si& andccmpres=ionmemberscmnected-byequallystiff&d
equallyspacedelasticreflectionalspringsismadeas anapproximation
to thePoblemoftheeffectoffinitestiffnessofribsand.tension
surfaceonthebnclilingloadofthecompressions’mfaceofa wing. Charts
relatingcompressl.~bucklingload,reflectionalspringstiffness,audthe
ratiooftheflee stiffnessofthemetiers– forthecaseofequal
tensionandccfmpressionl ads– aregivenfortensionandcompression
membershavingtwo,three,four,andan Infinitenmiberof spans.
INTRODUCTION
Znthedesignofaircraftstructures,thecalculationfthe
compressivebucklingloadofthesurfaceofa stressed-skinwingis
importantl Forstiplicity,thetensionsurfaceofthewingcanbe assumed
to be equivalentto a rigidfoundationandtheshearwebsandribsc= be
assumedtobe equivalenttorigid supportsthatdividethecompressionsurface
intosmallpanelssothatthecaq?ressivebucklingloadofthewing
surfaceisthebucklingloadoftheti XWELS. Actually,however,
theshearwebsandribsandthe.tensionsurfacehavefinitestiffness;
tkrefore,thebucklingloadofthecompressionsurfaceisreduced
becauseofthe~flectionofthesupports.
TheeffectoffiniteribstiffnessonthecompressivebucKLing:Oad
ofa wingsurfacehasbeeninvestigatedina rnmberof~pers. (See
references1 to 6. ) h thepresentpa~r anapproximateiontotheproblem
ofconsideringtheeffectofthefinitestiffnessofboththeribsandthe
tensionsurfaceonthebucklingloadofthecompressionsurfaceofa wing
Ismadeby investigatingthebuclilingofparallelsimplysupported
tensionandcompressionmetiersconmctedby equallystiffandequally
spacedelasticreflectionalsprings.(Seefig.1.) An ex2actRayleigh–
RitzanalysisofthisproblemisgivenIntheappmdix.
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distanceparalleltomenibers
deflectionfcompressionmeniber
deflectionoftensionmetier
nuniberof8=
lengthletweensprings
flexuralstiffnessofcompressiunmeniber
flexuralstiffnessoftensionuuiber
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RESULTSANDDISCUSSION
ITondimensionalch rtsarepresentedasfigures2 to 5 forthe
bucldlngloadofparallelsimplysuppofiedte~fonandcompression
membersconnectedby elasticdeflectionalsprings,formemberswithtwo,
three,four,andan infinitenumberof 8- andforequaltensionand
compressionloads.Thebuclilingloadcanbe obtainedfromthesefigures
whentheflexuralstiffnessofthetensionandcompressionmembsrsami
thereflectionalspringstiffnessarehow-n.Thecurveswereobtafned
fromtheexactstabilityequationsderivedbytheRayleigh4/itz ener~
methodintheappendixforthemoregeneralcaseofunequaltensionand
compressj.onl ads.
Thefi-s showthattheeffectoffiniteflexmralstiffnessofthe
tensionmemberisto increasea~eciablythereflectionalspringstiffness
necessaryto attaina givenbucldingloadabovethestiffnessrequiredwhen
thetensionmeniberisinfinitelystiff.Themadmm loadattainableis
theloadforEulerbuclilingofthecompressionmmiberwithnodesatthe
deflectional-springsupports.
Thediscontinuitiesof slopeofthecurvesoffigures2 to 4 correspoml
to suddenchangesinthebucklingmode. Tensionandcompressionmetiers
havingtwospans,forinstsmce,buclilefirstwithonebucldeuntila
limitingvalueof springstiffnessisreachedthenbuckleintwohalf+aves
witha nodeatthespringsupport.Thecurvesformembershavingan
infinitenuniberof sws (fig.5) aresmoothbecausethebucklingmode
changescentinuously.Curvesforthecaseofa tensionmetierwithinfinite
flexuralstiffnessareidenticalwiththecurvesofreference7 forcoluums
onreflectionalspringsalone.
IneachofthefiguresthehorizontallineisthecurveforNer
bucklingofthecompressionmembertithnodesatthespringsuppotis.
Becausethesupportsdonotdeflect,theloadisinde~ndentoftheir
springstiffness. Thevalueofthespringstiffnessattheintersection
of thehorizontelineandthecurvesforbucldingofthememberswith
deflectionofthespringsuppotisisthereforethemaximumvaluethatis
neededinanydesignbecauselargervaluesof springstiffnessdonot
increasethebucklingload.
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IILus~ ImAMPLE
Twosimplysupportedmetiersareconnected
intermediateelasticspringsandarerestrained
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.
bythreeequallyspaced
againstdeflectingout
oftheplaneofthesprings.Eachmemberconsistsofa ~-inchby 5-inch
%y &-inchsteelanglehavinga momentofinertiaof10 inches4an~a
len&hletweenspringsupportsof120inches.Theconstantofthe
intermediatespringsis8000pounds~r inch.Onemetieristo carry
a compressiveloadandtheotheristo carrya tensileloadofequal
magnitude. In orderto determinetheloadsca~bleofbeingcarriedby
theexistingstructure,thefollowingprocedureisused:
By useofthecurveoffigure4 for (EI)~—.1 andavalueofthe
(m)~
deflectional+--stiffness parameter
*= &)oox 1203
(EI)~ 30x 106x 10
the
The
buclding-load
equal
structure
tension
= 46.1
Parameterisfoundtobe
PCL2
— .8.9
(E1)C
andcompressionloadsthatcambe carriedby the
arethereforeequalto
PC = 8.930 x 106x 10
1202
.
Ifthetensionmmiberwereinfinitelystiff,the
thecaqressionmeniberwouldbe increasedto theload
ofthecolumubetweenspringsuppotis
buclilingloadof
forNer buclding
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fi2
‘c‘Kg185’M0
= 205,600WI@
andwouldremainatthatvalueifthespringconstantwerereducedto a
valueas lowas
c 33*7~
= 46.1
= 5850poundsperinch
LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
LangleyAirForoeBase,Va.,January4, 1949
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DEKCWWIONOFTHESTABIHTYCRITERIONS
A column,mib~ectedto a compressiveload I’c,is stabilizedby
equaUystiffand.equallyspacedelasticreflectionalspringsthatrest
ona membersubjettedto a tensionload PT. (Seefig.1.) Whenthe
columnbucklesthestructuredeflectsasa unitbecausethebuclilingof
thecompressionmetier,ingeneral,causesthesupportingspringseither
to compressorelqte; thusloadsaretransmittedto thetensionmertiber,
anditi6alsocausedto deflect.Thecolummbudlingloadisfoundby
choos~ Fourierseriesto representthecleflectioncurvesofthetension
andcompressionmembers,expressingtheener~ ofthestructureinterms
oftheunlmownFouriercoefficients,andminimizingtheenergywithreswct
to thesecoefficients.An imf~te setofequationsisobtainedandis
solvedby themethodusedinreference7 in whichthebucldingloadof
columnsonequallyspaced.eflectionaland-rotationalspringswasobtained.
EnergyI&pressions
I& thedeflectioncurve
Fourierseries
Yc
ofthebucldedcolum
11=1
andthedeflectioncurveofthetensionmetier
Then,theenergyofthesystemconsistsofthe
ben&g energy-&toredin&e bucldedcolumn
by
be denotedby the
(Al)
(A2)
folJxnd_ngcomponents:The
ax
(A3)
1’
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andthebendingenerg storedinthetensionmxnber
TIEenqg storedin
Theworkdonebythe
togetheris
The
the
that doneby the
workdoneby the
thereflectionalspringsis
.&[Ye-YT)X=M]2
N-1 m
c=-
2X[E&l n=l
2
7
.
(A4)
(A5)
compressiveloadinmovingthetwoendsofthecolumn
tensionloadIs
?cj’T)d~T2‘T =-— ax2oiF
(A6)
(A7)
tensionloadisne~tiveinasmnohasthedirectionof
shorteningofthetensionmmher isoppositethatoftheload.
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The~tentialenergyofthesystem.isequalto
F= VC+VT+VS-WC-WT
whfch,frm eqwtions(A3)to (A7),is,sftersimplification,
~ = *4 (m)c
T (NL)3
(A8)
Minimization
The buddingload may 30 foundby
undeterminedFouriercoefficients~
~zb$ F’withrespectothe
and tin.Then
(n=l,2,3, ...)
a
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Equations(A9)and(AIO)~be cmbinedto give one set of equations with the coefficients
the unkmwns:
~3~
(%1-bn)+~
[ 1“’-iw’’+mwi ‘%-%) ~“”s’%sin%-o
(n=l,2,3, ...)
e~ept when ~ = b=, In whioh ease
‘4 - () ()~2n2. n4+ $2n’-0 (Al’)
(n=l,2,3, ...)
SerieA$om Stability Criterions
The stability oriteriom may be obtained from equations (All) by the application Of the method
of solution of reference 7, simplified a great deal by the mission of rotational springs. The
criterions so obtained are
,.,
.,
I
/
.,
1
.!
I
1
i
.,
I
I
‘.,
and.
Howvver, when
both members
stiffness ie
(
[ i2($-y-[ 42(6 -!-1) – 1)2(a+l)~# “
‘1
1
:=*
(A13)
(q=l,2, . ..1)l)
(q= N)
have equal deflections and, therefore, the springs are not compressed edtha Bprimg
indetermlmate.
(I!15)
~uationa (KL3)correBPd. to buckllng in q buokles pruvided that q is less tti the number of
s-. Equatim (KL4) is the Euler bucld-inglead for buc~ing of the colunniIn N waves tith a
node at eaoh a@W3 ~PPfi. E~uatiOm(A15),whichwereObwtia frm equations (AM),
P
o
,
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correspondtothecaseinwhichbothnmibersaresubjectedtotheir
res~ctiveNer bucklingloads..
Closed-IbrmStabilityCriterions
I-1
The seriesformsofthe
be putintoclosedform,and
r
1 I 1--
stabilitycriterio~.(equations(A13))may
theresultis
sin~ 1
1-
1
[
1
+= +(x‘L 1 ~)—Cos 7r-JT Iv
L
1-
(~=l,’, . ..1)l)
Equations(AM), (A15),and(JU6)constitutethecompletesetof
closed-formcriterionsforthestabilityof-el tensionandcompression
membersconnectedby elasticd.eflectionalsprings.The
foranygivenvaluesof /S andL~ Isthe onewhich
valueof L/jc.
correctcriterion
yieldsthelowest
EquslTensionandCompressionLoads
Whenthetensionandcompressionloads~ eqti”,whichwouldbe the
caseifthestructurewerean airplanew@ subjectedto a bendingmoment,
the
1
—-
S
stabilitycriterionsbecome
,
(q=l,2, . ..1)l)
..—. .—----
——-— -—-- ——-- —-—-—.--------- ——— -------- ..--- .———
._--. .—_ ._. . . .
. .
12
and
lWICA~ NO. 1823
.
.
A stabilitycriterionforthecaseofan infinitenuuiberofequally
spacedspringsmaybereadilyo%tainedas inreference7 by expandhg
equation(A17)endmimdmizingtheresultwithrespctto # thisprocedure
gives
(A19)
Substitutionfequation(KL8)in equation(u7) @eld.s,aftersome
simplification,
.
.
(A20)
.
Equations(M.8)and(MO) arethestabilitycriterionsforthecaseofan
infinitenmiberofequallyspacedspringswhenthetensionandcompressim
loadsareequal.
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